Muonic molecular ions 6 Lidµ and 7 Lidµ are studied numerically. Using the complex coordinate rotation method we found six rotational states (three for each isotope), which are resonant states with the life-time of an order of picoseconds. These molecular systems may be of interest for studying low-energy fusion reactions. A key quantity, |Ψ(0)| 2 , the wave function squared at the coalescence point of the nuclei is calculated for S states for both isotopes with a precision better than 3%.
Introduction
Low-energy interactions between atomic nuclei are of great importance, they provide valuable information on the nucleon-nucleon interaction [1] , are used as input data in astrophysics and cosmology [2, 3] , light nuclear reactions are involved in the primordial nucleosynthesis, the 7 Li abundance observed from halo dwarf stars presents a definite discrepancy with our knowledge on the nuclear rates [4] . Very promising physics of fast monoenergetic neutron sources is expected in the laser-driven d + 7 Li reactions: d + 7 Li → 8 Be + n + 15.03 MeV, at keV energies [5] .
Nucleus-nucleus collision data are not much available at energies below the keV region [6] . Meanwhile nuclear astrophysics deals with nuclear reactions occurring inside the stellar objects at these low energies and thus the available scattering data are usually extrapolated there. However, in certain systems of light nuclei, we may study nuclear reactions at very low energies, namely, reactions between nuclei confined inside muonic molecules [7] . Being in a molecular state, nuclei have rather small relative kinetic energy and any possible reaction can be treated as a threshold reaction.
In this paper we want to present precise numerical calculations of the 6 Lidµ and 7 Lidµ quasibound states, which may be of use for the study of the low energy reactions. Existence of these states may be explained using the adiabatic approximation. Figure 1 qualitatively illustrates the spectrum of the considered system. The 3dσ potential in the separated atom limit represents a cluster: dµ(n = 1)+Li ++ and is attractive due to polarization effects. Here n is the principal quantum number of a state of the hydrogen-like atom. This potential allows for bound states. Other adiabatic states, which are below the 3dσ, converge to the cluster: d + Li ++ µ(n) with the principal quantum numbers n = 1, 2 for the muonic lithium ion and are repulsive. Thus we have four open channels below the dµ(n = 1) threshold and the bound states associated with the 3dσ potential due to nonadiabatic coupling the adiabatic states become quasibound.
Variational expansion and the CCR method
The system of interest consists of three particles, a negative muon of mass m µ and two nuclei of masses M a and M b , where a, hereafter, stands for a lithium nucleus and b for the deuteron. The 
is the electron energy in the two-center Born-Oppenheimer approximation.
Hamiltonian (in muonic atomic units: |e| =h = m µ = 1), after separating the center of mass motion, can be written as
where r 1 and r 2 are the vectors towards the muon from the two nuclei, R denotes the distance between the nuclei, and µ i = m µ M i /(m µ +M i ) are the reduced masses of the respective muonic atoms (i = 1, 2). This set of coordinates, r 1 , r 2 , and R, is most appropriate for the molecular three-body systems.
In order to solve the three-body Coulomb problem for a quasibound state, we employ the Complex Coordinate Rotation (CCR) method which has been successfully used in atomic physics for studying properties of resonant states (see, for example, Ref. [8] and references therein). The advantage of this approach is that it has a rigorous mathematical background [9, 10] .
The resonant state is defined as the solution of the eigenvalue problem
for the Hamiltonian H(θ) depended on dilation parameter θ, which is analytically continued into the complex plane. Such a transformation has a great computational advantage for systems with Coulomb interactions [8] . The kinetic and potential parts scale as exp (−2θ) and exp (−θ), respectively, and the Hamiltonian can be written as
The continuum spectrum of H(θ) is rotated on the complex plane around branch points ("thresholds") to "uncover" resonant poles situated on the unphysical sheet of the Reimann surface in accordance with the Augilar-Balslev-Combes theorem [9] . The eigenfunction Ψ(θ) obtained from Eq. (2), is square-integrable and the corresponding complex eigenvalue E = E r − iΓ/2 defines the energy E r and the width of the resonance, Γ, the latter is being related to the Auger rate as λ A = Γ/h. In our numerical calculations we use the variational method based on exponential expansion with randomly generated complex parameters. This approach has been developed in a variety of works [11, 12, 13] . Details and particular strategy of choice of the variational nonlinear parameters and construction of the basis sets that have been adopted in the present calculations can be found in [14] . Briefly, the wave function for a state with a total orbital angular momentum L and of a total spatial parity π = (−1) L is expanded as follows (r 2 = r 1 −R): 
where Y l1l2 LM (R, r 1 ) are the solid bipolar harmonics defined as in Ref. [15] ,
and the complex parameters, α, β, γ, are generated in a pseudorandom manner [13, 16] :
where x designates the fractional part of x, p α and q α are some prime numbers, and [A 1 , A 2 ] and [A 1 , A 2 ] are real variational intervals, which need to be optimized. Parameters β k and γ k are obtained in a similar way. When exponents α n , β n , and γ n are real, the method reveals slow convergence for molecular type Coulomb systems. Thus the use of complex exponents allows to reproduce the oscillatory behaviour of the vibrational part of the wave function and to improve convergence [13, 14] . It should be emphasized that the exact eigenvalues do not depend on the rotating parameter θ. However, employing the finite basis set (4), we deal with approximate eigenvalues which, therefore, have such dependence. Once the variational parameters of the expansion (4) are fixed, then the only parameters which remain free are the real and imaginary parts of dilation angle θ. Therefore, the resonance positions and widths are deduced from the condition that a discrete complex eigenvalue is stabilized, i.e.
with respect to variations of the complex dilation parameter θ [17] . 
Results
To solve Eq. (2) numerically, the inverse iteration method adapted to symmetric complex matrices has been employed. This method is very efficient (∼ N 3 /6 multiplication operators) and stable to round-off errors. This enables us to extend the number of the basis functions up to 7500 terms. An illustration of particular calculations for the P state in 6 Lidµ ion is shown on Figure 2 . Taking the stationary point of the rotational paths one gets parameters of the resonance: E r = −13.56807729 eV and Γ/2 = 0.00817851 eV. E r is reckoned from the dµ(n = 1) + 6 Li ++ threshold energy. Other results of our calculations are summarized in Table 1 .
For the nuclear fusion reactions, which may occur from these states, a key quantity is |Ψ(0)| 2 , the squared amplitude of the wave function at the coalescence point of two nuclei. For the CCR formalism, the analytically dependent quantity is Ψ 2 (0), and this quantity may be calculated in the same way as the energy: it becomes stationary when the variational wave function solution approaches the exact wave function of the system. In this way we get the following data for Ψ 2 (0) for the S-state in 6 Lidµ ion: For the states with total orbital angular momentum L = 1, 2 the fusion comes mainly via the P -wave mode and is strongly suppressed. Our calculations were performed in a duodecimal arithmetics with approximately 100 decimal digits. The values of masses adopted in our calculations: M6 Li = 10961.8982545 m e , M7 Li = 12786.391884 m e , M d = 3670.48296785 m e and m µ = 206.7682826 m e . The Rydberg constant as a conversion coefficient to eV was taken: hcR ∞ = 13.605 693 009 eV.
In conclusion, we want to state that we found six quasibound states supported by the 3dσ adiabatic potential in the lithium deuteride muonic molecular ions. And for the first time, the reliable estimates for the probability density of the wave function at R = 0, were obtained with the precision of about 3% or even better. This is one of the key quantities for experimental studying of the fusion rate for d + Li nuclear reactions. We have to acknowledge that our previous attempt to solve this problem [18] using the variational approximation of the wave function had failed due to poor convergence and numerical instabilities of the expansion.
